Abstract. Let N be a positive square-free integer such that the discrete group Γ 0 (N ) + has genus one. In a previous article, we constructed canonical generators x N and y N of the holomorphic function field associated to Γ 0 (N ) + as well as an algebraic equation P N (x N , y N ) = 0 with integer coefficients satisfied by these generators. In the present paper, we study the singular moduli problem corresponding to x N and y N , by which we mean the arithmetic nature of the numbers x N (τ ) and y N (τ ) for any CM point τ in the upper half plane H. If τ is any CM point which is not equivalent to an elliptic point of Γ 0 (N ) + , we prove that the complex numbers x N (τ ) and y N (τ ) are algebraic integers. Going further, we characterize the algebraic nature of x N (τ ) as the generator of a certain ring class field of Q(τ ) of prescribed order and discriminant depending on properties of τ and level N . The theoretical considerations are supplemented by computational examples. As a result, several explicit evaluations are given for various N and τ , and further arithmetic consequences of our analysis are presented. In one example, we explicitly construct a set of minimal polynomials for the Hilbert class field of Q( √ −74) whose coefficients are less than 2.2 × 10 4 , whereas the minimal polynomials obtained from the Hauptmodul of PSL(2, Z) has coefficients as large as 6.6 × 10 73 .
Introduction
For any square-free integer N ≥ 1, the subset of SL(2, R) defined by [7] , there are precisely 38 squarefree numbers N such that the surface Y + N has genus one, in which case we will also say that groups Γ 0 (N ) + have genus one; these groups will be the focus of study in the present paper. For arbitrary square-free N , the quotient space Y + N , identified with the fundamental domain of the action of Γ 0 (N ) + on the upper half plane H, has one cusp which we denote by i∞.
In [8] , we proved that the function field of meromorphic functions associated to Γ 0 (N ) + of genus one admits two generators x N and y N whose q-expansions have integer coefficients after the lead coefficient has been normalized to equal one. The poles of x N and y N at the cusp i∞ have order two and three, respectively, and each function is further normalized by setting the constant term in its q-expansion to be zero. Additionally, x N and y N satisfy an equation of the form
where the integers A N , B N , C N , D N and E N are explicitly computed and are given in [8] .
In this paper we begin the study of the arithmetic nature of the values of x N (τ ) and y N (τ ) for points τ in the upper half plane H which are complex multiplication (CM) points, meaning that aτ 2 + bτ + c = 0 for integers a, b, and c, possibly with certain conditions depending on N . The questions we study are motivated by known results in the case of genus zero groups of the form Γ 0 (N ) + , which we now briefly recall.
If Γ 0 (N ) + has genus zero, then the associated function field has one generator, denoted by j N . We assume j N is normalized by its q-expansion at i∞ to have a first order pole, residue equal to one, constant term equal to zero, and holomorphic elsewhere on H. The monograph [3] summarizes many classical results regarding j(τ ) = j 1 (τ ), meaning N = 1, for an arbitrary CM point τ . Specifically, it is proven that j(τ ) is an algebraic integer and, furthermore, j(τ ) generates the maximal unramified abelian extension of Q(τ ), often called the Hilbert class field. These results fall within the general framework of Hilbert's twelfth problem, stemming from Kronecker's Jugendtraum, and we refer the interested reader to the article [14] for a fascinating historical discussion.
For other genus zero groups Γ 0 (N ) + , a canonical generator j N (τ ) of the function field came to light as a part of the Monstrous Moonshine conjectures; see [5] . The arithmetic nature of j N (τ ) was studied in [4] ; in general terms, the main results in [4] are in parallel with the classical setting when N = 1 as summarized in [3] .
However, when Γ 0 (N ) + has genus one, there is a competing theory of transcendence which somewhat clouds one's expectations. Specifically, let E + N denote a fundamental parallelogram for the corresponding elliptic curve (1) . Letting ζ denote the holomorphic coordinate on E .
In other words, the ratio x ′ N /y N , where the prime denotes differentation with respect to τ ∈ H, is equal to dζ/dτ , the derivative of the biholomorphic map from Y + N to E + N . With all this, let us recall the following important corollary of the Schneider-Lang theorem, which we quote from page 22 of [10] .
Let ℘ be a Weierstrass function with algebraic g 2 and g 3 . If α is algebraic = 0, then ℘(α) is transcendental.
In short, if Γ 0 (N ) + has genus zero, then j N (τ ) for any CM point τ ∈ H is algebraic, but if Γ 0 (N ) + has genus one, then ℘ N (α) is transcendental for any non-zero algebraic α ∈ C. Additionally, Schneider proved that if τ ∈ H is algebraic but not a CM point, then j(τ ) is transcendental. So, there are various results which point both in the direction of algebraicity and in the direction of transcendence of values x N (τ ) and y N (τ ) for CM points τ ∈ H.
The main result of the present article is to derive various results regarding the algebraic nature of x N (τ ) and y N (τ ) for CM points τ ∈ H. The nature of the results we obtain are as follows.
Let Q = [a, b, c] with a > 0 be a primitive positive definite quadratic form with discriminant b 2 −4ac = M 2 d K < 0, and denote by τ the complex root of Q(τ, 1) = aτ 2 + bτ + c = 0 with (a, N ) = 1 and τ ∈ H. Let K = Q(τ ) be the corresponding imaginary quadratic field of discriminant d K . We prove that for every square-free integer N such that the arithmetic group Γ 0 (N ) + has genus one, the values x N (τ ) and y N (τ ) are algebraic integers. Indeed, for each such τ , we prove that given the value of x N (τ ), the equation (1) which is quadratic in y N (τ ), factors; in other words, the discriminant of (1) as a quadratic in y N (τ ) factors in the field Q(τ, x N (τ )). Additionally, we also show that x N (τ ) and y N (τ ) are algebraic integers when evaluated at τ ∈ H which is a fixed point of a product γω, for some γ ∈ Γ 0 (N ) + and ω ∈ Ω(m), for m > 1 coprime to N , where Ω(m) is defined by (2) below.
When combining our results with the above-mentioned Schneider-Lang theorem, we arrive at the following conclusion.
The above-described bi-holomorphic map ζ from Y + N to E + N sends CM points in H to transcendental points in C. Furthermore, assuming that N is prime and (a, N ) = 1, where (·, ·) denotes the greatest common divisor, we show that K(x N (τ )) generates the ring class field of an imaginary quadratic order
In the case when (a, N ) > 1, we give some explicit computations of generating polynomials for x N (τ ). Our examples yield instances when K(x N (τ )) is a subfield of the class field. In section 4 we present instances of different situations, identifying certain ring class fields and subfields of the ring class fields.
Further arithmetic corollaries and possible questions of future study are presented in the concluding section.
As with similar problems, our proof that x N (τ ) and y N (τ ) are algebraic integers for CM points hinges on the construction of modular polynomials. In the study of the singular moduli associated to j, modular polynomials tend to have very large coefficients, which stems from the size of the coefficients of j in its q-expansion. The elliptic curve primality proving (ECPP) algorithm developed in [1] utilizes the computation of the minimal polynomial of a generator of the Hilbert class field of a certain imaginary quadratic field. As stated in the MathSciNet review of [17] , F. Morain wrote that the "search for an optimal (with respect to the size of the coefficients of its minimal polynomial) invariant is an important one." Empirically, we observed in [8] that the coefficients in the q-expansion of x N and y N tend to decrease as N increases. Specifically, in Example 10 below, we compute the minimal polynomials for both j and x 37 at τ = i 2/37. In this instance, the minimal polynomial for j(i √ 74) has coefficients as large as 6.6 × 10 73 , whereas the minimal polynomial for x N (i 2/37) has coefficients less than or equal to 21904. In other words, one practical application of our results seems to be the ability to construct modular polynomials for Hilbert class fields, and its subfields, which have much smaller coefficients than the corresponding polynomials which are constructed using j(τ ), and perhaps other modular functions.
Several computations within the present paper were obtained with computer aided algebra which employ and extend computations developed in [8] . All computer codes, programs, and output will be made publicly available.
Preliminaries
2.1. Basic notation. Throughout this article, N will denote a positive and square-free integer. For any positive integer m, let us denote by σ 1 (m) the sum of positive divisors m, and put
The group Γ 0 (N ) + is defined above. Let Γ 0 (N ) † denote the arithmetic group by
where Γ 0 (N ) is the Hecke congruence subgroup of level N , and
+ with equality if and only if N is prime.
We let H denote the hyperbolic upper half plane, with global coordinate z and q-parameter q = e 2πiz . As above, τ will denote a CM point. If we are considering a function on the upper half plane, its argument will be z, and if we are considering its special value at a CM point, its argument will be τ . Discrete groups such as Γ 0 (N ) + act on H through fractional linear transformations.
Properties of the group Γ 0 (N )
+ . Following the notation of [4] , for any positive integer m we put
The cardinality of Ω(m) is denoted by ψ(m). The following proposition collects various statements of [4] ; see, in particular, Lemma 2.1, Lemma 2.3, and the proof of part (1) of Theorem 2.6.
Proposition 1 ([4]
). Let N be a square-free number and let m be a positive integer such that (m, N ) = 1. Then, for all ω ∈ Ω(m), the following results hold:
+ ω are permuted through right multiplication by elements η of Γ 0 (N ) + ; (iii) The group Γ 0 (N ) acts transitively on the sets Γ 0 (N )ω by multiplication on the right.
We also will use the following result; see Lemma 3.2 of [4] .
Lemma 2 ([4]
). Let Q = [a, b, c] be a primitive positive definite quadratic form. Then, Q(x, y) = ax 2 + bxy + cy 2 with x, y ∈ Z represents infinitely many primes.
2.3. Shimura reciprocity law. We will recall now a special case of general Shimura reciprocity law for modular functions of level N ; see [15] and [11] . For a proof of the statement, we refer to subsection (3.7.3) of [4] .
Let GL + (2, Q) denotes the set of 2 × 2 matrices with rational entries and positive determinant. Let f be a modular function of level N with rational Fourier coefficients, and let f (τ ) a denote the action of the element of the Galois group corresponding to the ideal a; see [4] for a more detailed explanation of this action.
Proposition 3. Let τ ∈ H be a CM point, and set K = Q(τ ). Then for any ideal a in the ray class group J N K with modulus N , there exists a matrix A ∈ GL
If f is a modular function on Γ 0 (N ) + , then for all z ∈ H and γ ∈ Γ 0 (N ), we have that f (γz) = f (z). Moreover f (W e z) = f (z) for all e | N , where W e is a matrix with integer entries, determinant e, diagonal elements divisible by e, and left-lower entry divisible by N . Let Γ 0 (N, e) denote the set of all such matrices, noting that Γ 0 (N, 1) = Γ 0 (N ). Then, it is elementary to show that GL
has f (Az) = f (z) if and only if A ∈ ∪ e|N Γ 0 (N, e) GL + (2, Q) z and where GL + (2, Q) z denotes the isotropy subgroup at z.
The significance of Shimura reciprocity in explicit class field theory lies in the fact that, as described in [15] , the element of the Galois group corresponding to the ideal a lies in the fixing group of f (z) if and only if f (Az) = f (z).
Algebraicity of values of generators
When the CM point τ ∈ H is non-elliptic, the proof of algebraicity of x N (z) and y N (z) which we develop below is closely modelled on classical proofs; see, for example, the argument in [18] and its modification in [4] . One significant difference, however, which appears since g ≥ 1 is the fact that one has two generators for the function field. Consequently, any modular polynomial is a polynomial in two variables. In order to address this addition level of complication, one needs to exploit both the cubic equation (1) which relates the two generators, as well as the established result that each generator has a monic q-expansion with integral coefficients.
We will follow the notation of [8] , where the generators of the function fields associated to Γ 0 (N ) + are denoted by x N and y N .
We begin with the following proposition.
Proposition 4.
Let N be a square-free number, m > 1 an integer such that (m, N ) = 1, and define the polynomial
The degree of the polynomial P m,N (x) is σ + 1 (m) and its lead coefficient is ±1. The degree of the polynomial Q m,N (x) is at most σ
Proof. We can write
where E j,m,N are elementary symmetric polynomials in x N • ω. By Proposition 1, part (ii), we deduce that each E j,m,N is invariant with respect to Γ 0 (N ) + . Moreover, when letting c n,N denote the coefficients in the q-expansion of x N (z), we see that
where ζ d = exp(2πi/d) is the primitive d-th root of unity. Since x N has a monic q-expansion with integer coefficients and which begins with q −2 , we have that c n,N ∈ Z and c −2,N = 1. Therefore, each E j,m,N is meromorphic in the cusp at i∞, so then E j,m,N is a modular function on Γ 0 (N ) + .
From (4), it is immediate that the coefficients in the q-expansion of each E j,m,N belong to Z(ζ m ). We now argue as from page 69 of [18] . The action by the Galois conjugation ζ d → ζ r d with r ∈ (Z/dZ) * results in replacing b in the inner product of (4) with rb, which runs over the same set. Therefore, the coefficients in the inner product are Galois invariant, hence are rational integers. By Proposition 1 (ii), the product over b is invariant under translation z → z + 1. Therefore, the q-expansion on the right hand side of (4) has integer coefficients and integer powers of q. Consequently, each E j,m,N has a q-expansion with integer coefficients.
Since x N and y N generate the function field associated to Γ 0 (N ) + , there exist polynomials F j,m,N (x, y) with rational coefficients such that E j,m,N = F j,m,N (x N , y N ). Recall that the q-expansion of x N begins with q −2 and has integer coefficients, while the q-expansion of y N begins with q −3 and has integer coefficients. One can then equate the coefficients in the various q-expansions to conclude that the coefficients of F j,m,N (x, y) are integers, which proves the first statement of the theorem.
Let us now set X = x N (z) and substitute in (4) . By arguing analogously as in [18] , Proposition 24, we deduce that for non-square m one has that
+ with a pole of order 2σ + 1 (m) at i∞. Since x N and y N are generators of the function field, which satisfy the cubic equation (1), we can eliminate all powers of y N greater than one and obtain equation (3) .
Finally, we complete the proof by using that x N and y N have q-expansions with lead term q −2 and q −3 , respectively, which determines the degree and the lead coefficient of P m,N (x) and bounds the degree of Q m,N (x).
We are now in position to prove the analogue of [4] , Proposition 3.3 which asserts that Hauptmodli for genus zero groups Γ 0 (N ) + , when properly normalized, and evaluated at certain CM points are algebraic integers. In fact, we will prove a slightly more general result, allowing for the CM points τ which are zeros of an equation az 2 + bz + c = 0 with (a, N ) > 1, but requiring additional properties.
Proposition 5. Let K be an imaginary quadratic field of discriminant d K . Let T(τ 0 ) and N(τ 0 ) denote the trace and the norm of an algebraic integer τ 0 in O K , the ring of integers of K, from K to Q. Assume that either of the following two conditions hold:
There exists an integer m > 1, not a perfect square and coprime to N and such that τ 0 = γωτ 0 for some γ ∈ Γ 0 (N ) + and ω ∈ Ω(m).
Then both x N (τ 0 ) and y N (τ 0 ) are algebraic integers.
Proof. Let us first prove (i). Following the method of the proof of [4] , Proposition 3.3 and applying Lemma 2, we conclude there exists a prime p such that τ 0 = ρτ 0 where ρ is a primitive matrix of determinant p. Proposition 1 implies that ρ = γω for some γ ∈ Γ 0 (N ) and ω ∈ Ω(p). By taking X = x N • ω(τ 0 ), we have that Φ p,N (x N (τ 0 )) = 0. By combining with (3), we arrive at the expression
are polynomials of degrees σ + 1 (p) and σ + 1 (p) − 2, respectively, and the lead coefficient in P p,N (x) is ±1.
Since x N (z) and y N (z) satisfy the cubic equation (1), we combine with (5) and, after multiplying by Q p,N (x N (τ 0 ))
2 , obtain the equation
In other words, x N (τ 0 ) is a root of a monic polynomial of degree 4p with integer coefficients. Therefore, x N (τ 0 ) is an algebraic integer.
As for y N (τ 0 ), note that from (1) we immediately get that y N (τ 0 ) is an algebraic integer if x N (τ 0 ) is an algebraic integer since one can solve for y N (τ 0 ) given the value of x N (τ 0 ) using the quadratic formula. This completes the proof of the theorem assuming (i).
Let us now assume (ii) is true. Obviously, x N (γ(ω(τ 0 ))) = x N (ω(τ 0 )) = x N (τ 0 ). Hence, we take X = x N • ω(τ 0 ) and repeat the proof above, obtaining a degree 2σ + 1 (m) monic polynomial with integer coefficients whose root is x N (τ 0 ). One can continue, analogously as in the proof assuming condition (i) to conclude that x N (τ 0 ) and y N (τ 0 ) are algebraic integers.
Remark 6. As stated above, given the value of x N (τ 0 ), one can solve for y N (τ 0 ) using (1) and the quadratic formula. Since x N (τ 0 ) is an algebraic integer, then y N (τ 0 ) is also an algebraic integer, though possibly in a quadratic extension of a field containing x N (τ 0 ). However, by (5), we have that y N (τ 0 ) lies in the same field as x N (τ 0 ). In other words, for any CM point τ 0 , we have shown that x N (τ 0 ) is an algebraic integer. Furthermore, the discriminant of the quadratic equation (1) in y N (τ 0 ) is a square in the field in which x N (τ 0 ) lies.
The following theorem is the the main result in this section. Proof. The proof of part (i) follows the lines of the proof of [4] , Theorem 3.4. By applying Proposition 1, we can write τ = ω 0 τ 0 for some ω 0 ∈ Ω(a) and τ 0 ∈ O K . By assumption, we have that (a, N ) = 1, and by Proposition 4, the polynomial Φ a,N (X) has coefficients in Z[x N , y N ]. In other words,
, which together with Proposition 5 yields the proof of (i).
The proof of (ii) follows directly from Proposition 5(ii).
Remark 8. Note that Theorem 7(ii) also holds true when the square-free level N is such that the genus of the surface X N = Γ 0 (N ) + \H is zero. Namely, in this case, denoting by j N (z) the Hauptmodul on Γ 0 (N ) + , according to Proposition 2.5. of [4] , for integer m > 1, not a perfect square and coprime to N , the modular polynomial
. Therefore, for τ ∈ H, such that τ = γωτ , and for some γ ∈ Γ 0 (N ) + with ω ∈ Ω(m), we immediately deduce that j N (τ ) is a zero of a monic polynomial with integer coefficients of degree σ + 1 (m). Hence, j N (τ ) is an algebraic integer. This case was not covered by Theorem 3.4. of [4] , but follows immediately from their results.
Examples: Modular polynomials for small orders
As before, assume that N is a square-free integer such that Γ 0 (N ) + has genus one. Choose m to be a prime number so that m ∤ N . We will consider small values of m. Recall that if m is prime then σ + 1 (m) = 2m. With these assumptions, we have that
Recall that x N has a q-expansion of the form
c n,N q n with the coefficients c n,N that were explicitly computed in [8, 9] . By substituting the q-expansion for x N into (6), we obtain the q-expansion of the modular polynomial Φ m,N (X). By further replacing X by x N (z) in (6) and comparing the coefficients in the q-expansions on both sides of (3), one obtains the polynomials P m,N and Q m,N which were derived in Proposition 5. Numerous examples of the polynomials P m,N and Q m,N were computed and are listed in Appendix A.
In principle, we could take z to be any CM point, which as before we denote by τ ; however, in practice it would be difficult to find a corresponding prime m. This issue will be treated by separate examples. Computationally, it is desirable to choose a small or moderate prime m, always coprime to N , and take one of the matrices of Ω(m) to be such that the quadratic equation γωz = z has negative discriminant for γ ∈ Γ 0 (N ) + and ω ∈ Ω(m). One then solves for the fixed points of the transformations γω. For each such fixed point τ , one has that Φ m,N (x N (τ )) = 0. Therefore, x N (τ ) is a zero of a monic polynomial
Equation (7) is a generating polynomial for x N (τ ). The generating polynomial is computable for each fixed N and m by the manner described above.
As an example, consider
Then the quadratic equation γ N ω m z = z has negative discriminant D = −4mN and the corresponding CM points are
respectively. Since both CM points are Γ 0 (N ) + -equivalent, it is enough to consider only the latter point.
For all square-free positive N such that Γ 0 (N ) + has genus one and some small primes m, the generating polynomials for x N (i In the examples developed below, these polynomials generate real subfields of the class field of the order O K = Z + −(mN )Z associated to the imaginary quadratic number field K = Q( −(mN )). Moreover, the above construction may be derived for an arbitrary m coprime to N , in which case the modular polynomial Φ m,N certainly would be more involved.
In general, we have the following proposition. Proof. According to the results in classical complex multiplication and class field theory, see e.g. [6] , the field
2 mN . The function x N (z) is a modular function on Γ 0 (N ). Furthermore, according to [6] , Theorem 11.9. x N (z) is a rational function of j(z) and j(N z). Therefore,
On the other hand, iM √ mN is a zero of the equation ) is
The value x 37 (i 2/37) is a root of the irreducible polynomial (−21904
Obviously, Q(x 37 (i 2/37)) is a degree 5 extension of rationals, and the value y 37 (i 2/37) belongs to this extension, as shown by equation (5) .
Let us now compare with similar computations for the classical j-invariant. The CM point τ = i 2/37 generates over Q the imaginary quadratic field K = Q( √ −74) with principal order O K = Z( √ −74). The class number for discriminant −4 · 74 is 10. According to the classical complex multiplication theory, there exists a degree 10 monic and irreducible polynomial over Q, which is a minimal polynomial of j(i √ 74) over Q. Through computer aided computation, this minimal polynomial is given by the equation
+ 65537997861811012957774465106804493369424397836065905853257281566511464448.
The ring class field, which in this case is the Hilbert class field, of the maximal order
, which is a degree 10 extension of K; see, for example [6] , Theorem 9.2.
One can show that the polynomial p 37,
which is a subfield of L and a degree 2 extension of K. Therefore, K(x 37 (i 2/37), √ 37) is a subfield of L and a degree 10 extension of K, meaning that the ring class field L of the maximal order O K over K is equal to K(x 37 (i 2/37), √ 37). In other words, the Hilbert class field of Q( √ −74) can be obtained either through adjoining roots of the polynomial M 74 or of the polynomials x 2 + 2 and p 37,2 .
At this time, we draw the reader's attention to [13] . In this well-written article, the authors develop in detail the elliptic curve primality proving (ECPP) algorithm, which utilizes certain minimal polynomials constructed from the classical j-invariant. In Remark 5.3.3, the author writes that"replacing j by other functions does not change the complexity of the algorithm, though it is crucial in practice". Specifically, the author refers to the practical usefulness of working with minimal polynomials whose coefficients are as small as possible. In this direction, there is an obvious improvement when comparing M 74 to p 37,2 .
Example 12. Take m = 3 and N = 37. The CM point τ = i 3/37 is a root of 37z 2 + 3 = 0 of discriminant −4 · 111. The corresponding imaginary quadratic extension is K = Q( √ −111). The generating polynomial is
The value x 37 (i 3/37) is a root of (−4107 − 2738x − 592x
Unlike the previous example, the polynomial (−4107 − 2738x − 592x 2 − 37x 3 + x 4 ) though irreducible over K is, in fact, reducible over the genus field K( √ 37) = Q( √ −3, √ 37). Actually, the polynomial factors over Q( √ 37) as
= − 1 4 (185 + 37 √ 37 + (37 + 9 √ 37)x − 2x 2 )(−185 + 37 √ 37 + (−37 + 9 √ 37)x + 2x 2 ).
The value x 37 (i 3/37) is a root of 185 + 37 √ 37 + (37 + 9 √ 37)x − 2x 2 , and we obtain the explicit evaluation x 37 (i 3/37) = 1 4 37 + √ 37 9 + 158 + 26 √ 37 .
The class number for the discriminant −4 · 111 is 8. The class field L of the order
Since the polynomial p 37,3 is reducible over the genus field, K(x 37 (i 3/37)) is the subfield of the class field of the order
We then have the sequence of fields
where each field is a degree 2 and unramified extension of its precedent.
The above example shows us that the generating polynomial of x N evaluated at a certain CM point enables us to compute different subfields of the ring class field. The following example further illustrates this point,.
Example 13. Take m = 7 and N = 37. The CM point τ = i 7/37 is a root of the equation 37z 2 + 7 = 0 of discriminant −4·259. The corresponding imaginary quadratic extension is K = Q( √ −259). In this case x 37 (i 7/37) is a root of the degree 6 polynomial
which is a factor of the modular polynomial associated to m = 7 and N = 37. The class number of discriminant −4 · 259 is 12. A simple computation shows that p 37,7 (x) is irreducible over K. Hence, K(x 37 (i 7/37)) generates a degree 6 extension of K, which is a degree 2 subfield of the ring class field L of the order
Therefore, Q( √ 37, x 37 (i 7/37)) is a real subfield of the ring class field L of index 4.
This way, we have constructed two subfields of L: The subfield K(x 37 (i 7/37)) of index 2, and the real subfield Q( √ 37, x 37 (i 7/37)) of index 4.
Example 14. Take m = 2 and N = 143. The CM point τ = i 2/143 is a root of the equation 143z 2 + 2 = 0 of discriminant −4·286 with the class number 12. The corresponding imaginary quadratic extension is K = Q( √ −286). In this case, the generating polynomial for x 143 (i 2/143) is
The value x 143 (i 2/143) is the real root of p 143,2 = −11 − 11x − 3x 2 + x 3 , from which we get the evaluation that
The polynomial p 143,2 is irreducible over both K and the genus field 143) ) (resp. G(x 143 (i 2/143))) is a subfield of the ring class field of the order
It is possible that the value of x N at the CM point lies in the genus field, as shown by the following example.
Example 15. Take m = 2 and N = 141. The CM point τ = i 2/141 is a root of the equation 141z 2 + 2 = 0 of discriminant −4 · 282. The corresponding imaginary quadratic extension is K = Q( √ −282). The generating polynomial for x 141 (i 2/141) is
The value x 141 (i 2/141) = 3 + √ 6 is a root of (3 − 6x + x 2 ), which generates a degree two real extension Q( √ 6). Note that in this case, the genus field of
, and obviously, x 141 (i 2/141) generates over Q the real subfield of the genus field.
Recall that x 141 and y 141 solve the cubic equation y 2 + 3y + (3 − x 3 − 2x 2 ) = 0. Since x 141 (i 2/141) = 3 + √ 6, we get that y 141 (i 2/141) = 6 + 3 √ 6. We can interpret this example as stating that the CM point τ = i 2/141 gives rise to the integral point (3 + √ 6, 6 + 3 √ 6) on the elliptic curve y 2 + 3y + (3 − x 3 − 2x 2 ) = 0 over the field Q( √ 6).
Example 16. Take m = 2 and N = 155. The minimal polynomial is
The value x 155 (i 2/155) = 2 + √ 10 generates Q( √ 10). From data derived in [8] , the corresponding cubic equation is y 2 + 3y − x 3 − 2x 2 + 2 = 0. Therefore, we obtain that y 155 (i 2/155) = 4 + 2 √ 10. In other words, the CM point τ = i 2/155 gives rise to the integral point (2 + √ 10, 4 + 2 √ 10) on the curve y 2 + 3y − x 3 − 2x 2 + 2 = 0 over Q( √ 10).
There are a few points which are common for all of the above examples. Each CM point considered is a purely imaginary root of an equation of the type N z 2 + m = 0 with the lead coefficient equal to the level. Hence, the values of generators x N and y N at the CM point are real. Therefore, the monic, irreducible polynomials of degree d m,N with integer coefficients, whose zeros are x N (τ ) evaluated at such CM points, are generating polynomials for real extensions of Q of degree d m,N . Moreover, all fields generated by the values of x N and y N at i m/N are subfields of the class field of the maximal order of the imaginary quadratic fields K = Q( √ −mN ).
Further applications to explicit class field theory
In this section we prove that values of x N at CM points, which stem from the quadratic equation az 2 + bz + c = 0 where (a, N ) = 1, indeed generate class fields of corresponding orders over imaginary extensions of rationals. The examples presented above show that this is not the case for (a, N ) = N . Since the arguments presented are actually a slight modification of arguments from [4] , we will give a sketch of the proofs, pointing out the differences arising in the case when genus is positive. 
Proof. Begin by observing that x N (z) is a modular function on Γ 0 (N ) with integral q-expansion. By [16] , the values of x N (τ ) belong to the ray class field of K with modulus N . We next apply Shimura reciprocity, Proposition 3, as in [4] , to show that x N (τ ) in fact belongs to a smaller field, namely to the ring class field of an imaginary quadratic order
By [4] , p. 272, the action of an arbitrary prime ideal p of O K on x N (τ ) is represented by the matrix
where p is a rational prime not dividing 2abcmN such that (p) splits in K as (p) = pp ′ with p = [p,
, and k and l are solutions of congruences ak ≡ 1 mod p and N l ≡ 1 mod p.
Therefore, by Proposition 3 and the subsequent discussion, the prime ideal p fixes x N (τ ) if and only if x N (Aτ ) = x N (τ ), which is equivalent to A ∈ ∪ e|N Γ 0 (N, e) GL + (2, Q) τ . On the other hand, the condition (a, N ) = 1 ensures that A does not belong to any coset Γ 0 (N, e) GL + (2, Q) τ for e > 1; see [4] , pp. 271-272. Hence, p fixes x N (τ ) if and only if A ∈ Γ 0 (N ) GL + (2, Q) τ , in which case p is a principal ideal, say (α) of O.
Since x N is a modular function of level N , we have K(j(τ )) ⊂ K(x N (τ )). Therefore, x N (τ ) is fixed by all ideals in the principal ideal group P (O). Moreover, since x N (τ ) is an algebraic integer, K(x N (τ )) corresponds to the ring class field of K consisting of those principal ideals which fix x N (τ ), in the sense of Shimura reciprocity. We have already proven that every prime ideal p in O K fixing x N (τ ) is actually a principal ideal (α) of O. The same arguments as in [4] yield that α ∈ O ′ and that the fixing group of K(x N (τ )) is the principal ideal group of O ′ . With all this, the proof is complete.
If one wants to explicitly construct class fields of a fixed CM point using Theorems 17 and 7, the main problem faced with is the construction of the corresponding modular polynomial. The construction can be completed in two steps: First, one writes τ = ωτ 0 for ω ∈ Ω(a) and τ 0 ∈ O K , and second, one needs to find a prime p which is coprime to N and such that τ 0 = ρτ 0 for some ρ ∈ Ω(p). The resulting prime p can be very large, even for some very simple τ . Hence, the modular polynomial can have a huge degree and giant coefficients. Such a polynomial can be computationally cumbersome.
As a result, it is desirable to determine another method for deriving small degree modular polynomials for class field generators. Following [4] , we derive another means by which one can obtain minimal polynomials. To do so, we require additional notation. 
Since N is squarefree, l ∈ {0, 1}. By applying the Chinese Remainder Theorem, we can find k which solves the system of congruences:
The form Q ′ is Γ-equivalent to the form 
where τ Q is the zero in H of Q(z, 1) = 0. Then the polynomial M(X) is the minimal polynomial of x N (τ 0 ), where
is a generating polynomial for the ring class field of O over K.
Proof. The proof of this theorem follows the lines of the proof of the same theorem of [4] . The main facts used in the proof are fulfilled in our setting, namely that x N (τ 0 ) is an algebraic integer and L = K(x N (τ 0 )) is the ring class field of the order O.
Theorem 18 describes explicitly how to construct the polynomial M(X). For a fixed prime level N of genus one, the construction of the polynomial is described in the algorithm below.
Step 1. Choose τ 0 which is a root of
The point τ 0 corresponds to φ(Q), where Q is the identity class in Q N 2 dK /Γ.
Step 2. Compute all h(O) inequivalent primitive quadratic forms Q j of discriminant N 2 d K , where j = 1, . . . , h(O). The list of all such forms is produced after entering the discriminant and flag 1 into the web page [12] .
Step 3. Compute φ(Q j ) = Q ′′ j for each quadratic form Q j from Step 2. The computation is completed in the manner described in the text preceding the statement of Theorem 18. Essentially, this computation reduces to solving a system of congruences using the Chinese Remainder Theorem.
Step 4. Compute the zeros τ j of Q ′′ j (z, 1) = 0 for each Q ′′ j above.
Step 5. Compute approximate values of x N (τ j ) for each τ j from Step 4.
Step N (τ j )) . We know that the coefficients are integers. Once the coefficients are evaluated sufficiently accurate, we can round them to the nearest integers.
In this manner, one can determine specific generating polynomials M(x). Examples are listed in Appendix D for various prime levels N and roots τ 0 . As it was the case in the genus zero setting, such polynomials have very large coefficients and may not be suitable for algebraic applications. Still, the coefficients are comparatively small with respect to the coefficients obtained by the same method using the classical j-invariant
Concluding remarks
From a different point of view, given an arbitrarily large number n, Theorem 18 allows one to construct the ring class field L n of some order in the imaginary quadratic field such that there exist at least n points on the curve (1) with coordinates that are algebraic integers and belong to the field L n .
Corollary 19. Let N be a prime number such that Γ 0 (N ) + has genus one. Then, for an arbitrary number n there exists an abelian Galois extension L n of an imaginary quadratic field such that the curve (1) possesses at least n points whose coordinates are algebraic integers belonging to L n .
Proof. The class number of a negative discriminant D tends to infinity as |D| → ∞. Hence, for a given n and N , there exists a discriminant
Let L n be the ring class field of the order in K of discriminant D. In the above notation, the points (x N (τ φ(Qj ) ), y N (τ φ(Qj ) )), j = 1, . . . , h(D) are necessarily distinct points on the curve (1). Indeed, if two such points were the same, this would contradict the fact that x N and y N are generators of function fields and that φ(Q j ) are distinct elements. The algebraic integrality of coordinates follows from Theorem 7, while Theorem 18 implies that
As discussed in Remark 6, we find it particularly interesting that if τ is a CM point, then y N (τ ) lies in the field generated over Q by x N (τ ). Another manifestation of this observation is the following. If x N is an arbitrary algebraic integer in a number field K, then when solving (1) for y N , it seems quite unlikely that y N will also lie in K. Nonetheless, if x N = x N (τ ) for some CM point τ , then the discriminant of the quadratic equation (1) in the variable y N is a square in the field K = Q(x N (τ )), so then y N also lies in K.
Conversely, assume x N is an algebraic integer in an algebraic number field K such that the discriminant of the quadratic (1) in y N is not a square in K. Then x N = x N (τ ), for any CM point τ ∈ H, defined in Theorem 7.
Following existing convention, it seems appropriate to call points of the form (x N (τ ), y N (τ )) on (1) Heegner points; see [2] . There are a number of interesting questions that could now be asked, such as the density of Heegner points on (1) within the set of all integral points on (1). We hope to turn to such considerations in the future.
[14] N. Schapperacher, On the history of Hilbert's twelfth problem: a comedy of errors. Appendix A. List of some polynomials P m,N and Q m,N For all positive square-free levels N such that Γ 0 (N ) + has genus one, and some small primes m, we list here polynomials P m,N and Q m,N which we employ in Proposition 5. 
